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A B S T R A C T

In this work, we present the numerical study of 2D photonic crystals (PCs) made of square
metallic shields distributed in a square arrangement embedded in air for the transversal electric
(TE) polarization in the 𝛤 - 𝑋 direction. It is presented the modification of the photonic band
structure (PBS), which shows the redistribution of bands with low dispersion at lower and
higher frequencies around the surface plasmon frequency (SPF) with the decrease in the width
of the shield walls. Considering the distributions of |𝐻𝑧|

2 and |𝐸|

2 in the unit cell, it is observed
high intensity values in the metallic region, even for low frequencies, with a distribution like
surfaces plasmons, due to the interaction of the electromagnetic modes located at the inner
and the exterior surfaces of the shield. Also, it is observed that the electric field is strongly
localized in the inner hole of the shield at low frequencies, which is quite different from the
conventional rod geometry. These results would be utilized in electric field confinement for
technological applications.

. Introduction

Photonic crystals (PCs) are micro-structures made of periodic arrangement of materials with different optical properties which
xhibit unique ability to control the propagation of light beyond natural materials [1,2]. It is known that PCs have been widely
sed as filters, optical junctions and waveguides among others, since they possess given frequency ranges called photonic band gaps
here incident light cannot propagate in PCs [3–7]. Also, it is known that photonic band gaps depend on various parameters, such as

he geometric disposition of materials in the PC, their filling fraction and external agents that act over the PC among others [8–13].
A lot of research was made considering materials with electric and magnetic responses that vary with the frequency of the incident

adiation (as metals, gyromagnetic materials, polar materials), being the principal difficulty the calculation of the characteristics
odes of propagation that depend strongly with the geometry disposition of the materials in the PCs [14–20]. In a previous work

onsidering 2D PCs made of rectangular metallic rods in air [13], it was observed the presence of flat bands around the surface
lasmon frequency (SPF) in the PBS for the square rod case, which are related with a strong localization of the electromagnetic
adiation in the surfaces of the rods. For the rectangular rod case, it was observed the modification of the band distribution with
he variation of one side of the rod, due to the modification of the resonant modes of the square rod case. Also, a high intensity of
he electric field in the air region between the nearest surfaces of the rods in the crystal was observed for low frequencies.

Considering metallic slabs, it is known that the interaction of surface modes depends on the width of the slab, more precisely
hen the length of penetration of the radiation is of order of the width of the slab [21]. We are interesting in observed if the

nteraction of modes exists in a 2D PC made of square metallic shield, when the width of the shield is tiny compared with the
attice parameter. For this reason, in this work, we present the calculation of the PBS for the TE polarization of 2D PCs made of
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Fig. 1. Unit cell representation of a square lattice of square shields of a metallic material with dielectric function 𝜖𝑚, surrounded by air. 𝑎 is the lattice parameter,
1 and 𝑏2 are the lengths of the exterior and the interior sides of the square shield, respectively.

Fig. 2. Photonic band structure for TE polarization in the 𝛤 −𝑋 direction of a square lattice of square metallic shields in air with: (a) 𝑏1 = 0.25𝑎 and 𝑏2 = 0.00𝑎,
(b) 𝑏1 = 0.25𝑎 and 𝑏2 = 0.10𝑎, and (c) 𝑏1 = 0.25𝑎 and 𝑏2 = 0.20𝑎, where 𝑎 is the lattice parameter, 𝑏1 and 𝑏2 are the lengths of the exterior and the interior of
the shield, respectively. The value of plasma frequency is 𝜔𝑝𝑎∕2𝜋𝑐 = 1.0. Red lines show the normalized 𝜔𝑝 frequency and the normalized value of the SPF. The
purple marked squares a - h in Figs. 2(b) and 2(c) are to display |

|

𝐻𝑧
|

|

2 and |𝐸|

2 as it is presented in Figs. 3 and 4 respectively.

parallel square metallic shields distribute in a square arrangement embedded in air. To understand how the PBG is modified by a
square air hole in the metal, we compare the square metallic shield with the square metallic rod. Also, we calculate the distributions
of |

|

𝐻𝑧
|

|

2 and |𝐸|

2 in the unit cell in order to understand how the field distribution is related with the PBS at some frequencies of
interest.

2. Theoretical framework

The calculation of the PBS was performed using the Revised Plane Wave Method (RPWM), which considers the plane wave
expansion of the electric and magnetic fields and a monochromatic response of the fields with an angular frequency 𝜔. As it was
presented in [13], for the unit cell of the PC shown in Fig. 1, the calculation of the PBS in the 𝛤 −𝑋 direction for the TE polarization
(𝐻⃗ = (0, 0,𝐻𝑧), 𝐸⃗ = (𝐸𝑥, 𝐸𝑦, 0)) is performed when we solved the eigenvalue problem

𝑘𝑥
⎡

⎢

⎢

⎣

[

𝐸𝑦
]

[

𝐻𝑧
]

⎤

⎥

⎥

⎦

= 1
𝑘0

𝑀
⎡

⎢

⎢

⎣

[

𝐸𝑦
]

[

𝐻𝑧
]

⎤

⎥

⎥

⎦

(1)

with

𝑀 =

⎡

⎢

⎢

⎢

⎣

−𝑘0
[[

𝐺𝑥
]]

𝑘20 −
[[

𝐺𝑦
]] [[

𝜖𝑥𝑥
]]−1 [[𝐺𝑦

]]

𝑘20
[[

𝜖𝑦𝑦
]]

−𝑘0
[[

𝐺𝑥
]]

⎤

⎥

⎥

⎥

⎦

. (2)

where 𝑘0 = 𝜔
𝑐 , and

[[

𝐺𝑥(𝑦)
]]

𝐺,𝐺′ = 𝐺𝑥(𝑦)𝛿𝐺,𝐺′ , are diagonal matrices of order 𝑁 constructed with the components of the reciprocal
attice vector 𝐺⃗ =

(

𝐺 ,𝐺 , 0
)

.
[

𝐸
]

,
[

𝐸
]

and
[

𝐻
]

are column vectors of order 𝑁 constructed by the coefficients of the plane wave
2
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representation of the electric and magnetic fields. 𝑘𝑥 is the 𝑥 component of the radiation wave vector 𝑘⃗ =
(

𝑘𝑥, 0, 0
)

in the 𝛤 − 𝑋
direction.

The matrices
[[

𝜖𝑥𝑥
]]

,
[[

𝜖𝑦𝑦
]]

are calculated following the Li’s rules for the product of two periodic functions, [22,23], in our case

[[

𝜖𝑥𝑥
]]

𝑚𝑛,𝑚′𝑛′ =
1
𝑎 ∫

𝑎∕2

−𝑎∕2

[[

𝐴−1
𝑥
]]

𝑚,𝑚′ 𝑒−𝑖(𝑛−𝑛
′)𝑔𝑦𝑦𝑑𝑦, (3)

[[

𝐴𝑥
]]

𝑚,𝑚′ =
1
𝑎 ∫

𝑎∕2

−𝑎∕2

1
𝜖
𝑒−𝑖(𝑚−𝑚

′)𝑔𝑥𝑥𝑑𝑥, (4)

where 𝑔𝑖 =
|

|

|

𝑏𝑖
|

|

|

being 𝑏𝑖 elementary translation vectors of the reciprocal lattice related with real elementary translation vectors 𝑎𝑖
by 𝑎𝑖 ⋅ 𝑏𝑗 = 2𝜋𝛿𝑖𝑗 . Also, 𝜖(𝑟) = 1 +

(

𝜖𝑚 − 1
)

𝑆(𝑟), with 𝑆(𝑟) a function that is 1 in the shield and 0 in the other case. The coefficients
of the matrix are relating the terms 𝐺⃗ = 𝑚𝑏⃗𝑥 + 𝑛𝑏⃗𝑦 with 𝐺⃗′ = 𝑚′𝑏⃗𝑥 + 𝑛′𝑏⃗𝑦.

A similar construction follows for
[[

𝜖𝑦𝑦
]]

.
In the presented case, the matrix

[[

𝜖𝑥𝑥
]]

can be expanded as

[[

𝜖𝑥𝑥
]]

𝑚𝑛,𝑚′𝑛′ =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

[[

𝐴−1
1,𝑥

]]

𝑚,𝑚′
+ 𝑏1

𝑎

(

[[

𝐴−1
2,𝑥

]]

𝑚,𝑚′
−
[[

𝐴−1
1,𝑥

]]

𝑚,𝑚′

)

+ 𝑏2
𝑎

(

[[

𝐴−1
3,𝑥

]]

𝑚,𝑚′
−
[[

𝐴−1
2,𝑥

]]

𝑚,𝑚′

)

, 𝑛 = 𝑛′

𝑏1
𝑎

((

[[

𝐴−1
2,𝑥

]]

𝑚,𝑚′
−
[[

𝐴−1
1,𝑥

]]

𝑚,𝑚′

)

sin
(

(𝑛−𝑛′)𝑔𝑦𝑏1∕2
)

(

(𝑛−𝑛′)𝑔𝑦𝑏1∕2
)

)

+

𝑏2
𝑎

((

[[

𝐴−1
3,𝑥

]]

𝑚,𝑚′
−
[[

𝐴−1
3,𝑥

]]

𝑚,𝑚′

)

sin
(

(𝑛−𝑛′)𝑔𝑦𝑏2∕2
)

(

(𝑛−𝑛′)𝑔𝑦𝑏2∕2
)

)

, 𝑛 ≠ 𝑛′

(5)

where

[[

𝐴1,𝑥
]]

𝑚,𝑚′ =

⎧

⎪

⎨

⎪

⎩

1 , 𝑚 = 𝑚′

0 , 𝑚 ≠ 𝑚′
(6)

[[

𝐴2,𝑥
]]

𝑚,𝑚′ =

⎧

⎪

⎨

⎪

⎩

[[

𝐴1,𝑥
]]

𝑚,𝑚′ +
𝑏1
𝑎

(

1
𝜖𝑚

− 1
)

, 𝑚 = 𝑚′

[[

𝐴1,𝑥
]]

𝑚,𝑚′ +
𝑏1
𝑎

(

1
𝜖𝑚

− 1
)

sin((𝑚−𝑚′)𝑔𝑥𝑏1∕2)
(𝑚−𝑚′)𝑔𝑥𝑏1∕2

, 𝑚 ≠ 𝑚′

(7)

[[

𝐴3,𝑥
]]

𝑚,𝑚′ =

⎧

⎪

⎨

⎪

⎩

[[

𝐴2,𝑥
]]

𝑚,𝑚′ +
𝑏2
𝑎

(

1 − 1
𝜖𝑚

)

, 𝑚 = 𝑚′

[[

𝐴2,𝑥
]]

𝑚,𝑚′ +
𝑏2
𝑎

(

1 − 1
𝜖𝑚

)

sin((𝑚−𝑚′)𝑔𝑥𝑏2∕2)
(𝑚−𝑚′)𝑔𝑥𝑏2∕2

, 𝑚 ≠ 𝑚′.
(8)

A similar expression is obtained for
[[

𝜖𝑦𝑦
]]

.
Due to the non hermitian form of the eigenvalue problem presented in Eq. (1), the calculated eigenvalues are complex in general,

o we chose propagating modes whose imaginary parts are near zero, i.e., Im(𝑘𝑥) → 0.

3. Results

According to Eq. (1), we calculated the PBS of 2D square PCs made of square metallic shields embedded in air. We considered
squares shields with: (a) 𝑏1 = 0.25𝑎 and 𝑏2 = 0.00𝑎, (b) 𝑏1 = 0.25𝑎 and 𝑏2 = 0.10𝑎, (c) 𝑏1 = 0.25𝑎 and 𝑏2 = 0.20𝑎, where 𝑏1 (𝑏2) is the
length of the external (internal) side of the shield and 𝑎 is the lattice parameter, as it was shown in Fig. 1. The dielectric function
for the metal forming the shield is assumed as [24]

𝜖𝑚 = 1 −
𝜔2
𝑝

𝜔2
, (9)

where 𝜔𝑝 is the plasma frequency. In our calculations we considered 𝜔𝑝𝑎∕2𝜋𝑐 = 1.0.
Fig. 2 presents the comparison of the PBSs calculated in the 𝛤 - 𝑋 direction for PCs made of square shields. In the case presented

n (a), where a shield without interior hole (i.e., a square rod), it is observed the existence of bands with low dispersion distributed
round the SPF (𝜔𝑎∕2𝜋𝑐 = 0.707), these bands are related with strong localization of the electromagnetic radiation in the rod
urfaces [13]. In the case of square shields (b), it is observed a different band distribution around the SPF, in correspondence with
he modification of the characteristic resonances for the rod case due to the air hole. The change in the upper frequency of the first
and is observed, in correspondence with an effective lower plasma frequency value thanks to the decrease in the number of free
harges in the metallic shield in comparing with the metallic rod [25]. On the other hand, it is observed the change in the slope
3
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Fig. 3. |

|

𝐻𝑧
|

|

2 and |𝐸|

2 distributions in the unit cell of a PC made of square metallic shields with sides 𝑏1 = 0.25𝑎, 𝑏2 = 0.10𝑎 and 𝜔𝑝𝑎∕2𝜋𝑐 = 1.0 at modes a - h
in air. The intensity distribution is in arbitrary units.

for the second band and the spread of flat bands from the SPF. This must be corresponds to new optical behaviors related to the
width of the metallic wall shields. In the case presented in (c) where a bigger hole is considered, the upper frequency of the first
band is lower than that observed in (b) due to the continuous decrease in the effective plasma frequency of the shield. Considering
the second band at the X-point its frequency has similar value of the first band in the case presented in (b). Also, it is observed the
redistribution of flat bands at higher frequencies in comparing with cases presented in (a) and (b), which must be related with a
strong localization of the electromanetic radiation in the shield sides. This result shows the ability of this kind of system to improve
the light harvesting at higher frequencies in comparing with solid metallic rods.

Fig. 3 presents the distributions of |

|

𝐻𝑧
|

|

2 and |𝐸|

2 in the unit cell at the frequencies shown in Fig. 2(b). For |

|

𝐻𝑧
|

|

2 in (a), it is
observed a strong localization in the shield external sides, which resembles the rod case distribution at low frequencies where high
negative values of the 𝜖𝑚 are reached. In contrast for |𝐸|

2, high intensities are observed in the rod corners, with some in the air hole
of the shield, besides, it is observed some interactions between the interior and exterior of the shield. This could be attributed to the
electromagnetic penetration trough the shield walls. In this case the electric field move the electrons inside the metallic material
but its move is limited by the interior or the exterior surface of the shield, where the free charges can accumulated, causing high
intensity values as it was observed. This result is totally contrary to the rod case and could be used to confine electric field for
technological applications. For a higher frequency as it is presented in (b), |

|

𝐻𝑧
|

|

2 shows high intensity in the exterior side of the
shield with some of the field located in the interior hole, as it is expected the distribution is orthogonal to the case presented in
(a). For |𝐸|

2, high intensity is observed in the exterior corners of the shield, with the decrease in the intensity in the shield interior
region compared with (a). Also, some interaction between high intensity distributions are observed, looking as a surface mode
located principally in the exterior sides of the shield parallel to the incident radiation. In this case the system geometry contributed
to the formation of surface modes at lower frequencies in comparing with the square rod geometry. In the case presented in (c),
|

|

𝐻𝑧
|

|

2 and |𝐸|

2 presented high intensities in the air hole in the shield, which is in accordance with the low dispersion for this band. It
is interesting to observe that the field distribution is prohibitive in the rod case [13] and constitute and special property of the shield
geometry. In the cases presented in (d) and (e) where an anticrossing is observed, |

|

𝐻𝑧
|

|

2 is distributed principally in the exterior sides
4

of the shields, for (d) in the sides parallel to the wave vector and for (e) perpendicular to the wave vector. Also, it is observed some
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Fig. 4. |

|

𝐻𝑧
|

|

2 and |𝐸|

2 distributions in the unit cell of a PC made of square metallic shields with sides 𝑏1 = 0.25𝑎, 𝑏2 = 0.20𝑎 and 𝜔𝑝𝑎∕2𝜋𝑐 = 1.0 at modes a - h
in air. The intensity distribution is in arbitrary units.

interaction between the fields located outside and inside the shield, specially in the case presented in (e). Is remarkable the decrease
of the field intensity in the region of the exterior surfaces occupied by the magnetic field, in comparing with (b) and (d), where
high intensity values are reached. In the case of |𝐸|

2 high intensities are observed principally in the exterior corners of the shield,
but the exterior and the interior surfaces shows the formation of localized surface modes. This is in correspondence with band with
low dispersion, but the shield geometry induces more surface where localized the radiation. Also, it is observed high interaction
between the exterior and interior modes of the shield, due to the decrease in the |

|

𝜖𝑚||, which contributed with the increase in the
penetration depth of the electric field. In the case presented in (f), for a frequency below but close to the SPF, |

|

𝐻𝑧
|

|

2 shows strong
localization with a decrease in the occupied surface in comparing with previous frequencies. Also, the formation of some dots with
medium intensities are observed. On the other hand, |𝐸|

2 is distributed in the exterior sides of the shield. In this case, the formation
of a surface mode is evident. Also, the interior region of the shield has not electric radiation inside. For the cases presented in (g)
and (h) where frequencies below and above but close to 𝜔𝑝𝑎∕2𝜋𝑐, the |

|

𝐻𝑧
|

|

2 shows a distribution that is similar to the rod case [13].
In contrast in (g), |𝐸|

2 is distributed mainly inside the metallic region, even when 𝜖𝑚 < 0. On the other hand, for (h) the field is also
distributed outside the shield with the highest intensities in the metallic material. This behavior could be used as a switch for the
electric field, due to the special field distribution that change radically below and above the plasma frequency inside the material,
for a tight bandwidth. Also the interior air region acts like a free electric space, and constituted as a invisibility cloak for the electric
information.

Fig. 4 presents the distributions of |
|

𝐻𝑧
|

|

2 and |𝐸|

2 in the unit cell at the frequencies shown in Fig. 2(c). In (a), |
|

𝐻𝑧
|

|

2 is mainly
distributed outside the shield with high intensity in the exterior air region. In contrast |𝐸|

2 is mainly distributed in the inner air
region. It is noticeable that the reduce of the width of the shield walls induces a stronger localization in the inner air region at lower
frequencies in comparing with the case presented in Fig. 3. Increasing the frequency to the case presented in (b), it is observed that
|

|

𝐻𝑧
|

|

2 is strongly localized at the exterior sides of the shield parallel to the 𝑥 axis, while |𝐸|

2 is distributed inside and outside the
shield with a highest intensity in the exterior corners of the shield. In comparing for the distribution presented in Fig. 3(a), |𝐸|

2

distributions are similar, but here a spot of low intensity is observed in the inner air region with the reduce of the width of the
5

metallic shield. Also, the electric field is almost distributed in the metallic material even when 𝜖𝑚 is extremely negative. In (c), they
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are presented the distributions at a frequency value inside the gap at the 𝑋 point of systems presented in Figs. 2(a) and 2(b). |
|

𝐻𝑧
|

|

2

istribution shows the formation of places with high intensity close to the shield corners in the metallic region. Also, high intensity
istributions outside the shield are observed, in particular the interaction between the interior and the exterior surfaces of the shield.
or |𝐸|

2, it is observed a strong localization close to the shield corners in the interior air region, join to the interaction between
odes that are located at the exterior and inner metallic surfaces of the shield. It is remarkable that the inner surface of the shield

llows a distribution of the field like a surface mode. In (d), it is observed a strong localization of |
|

𝐻𝑧
|

|

2 and |𝐸|

2 in correspondence
ith a low band dispersion. For |

|

𝐻𝑧
|

|

2, it is observed places with high intensity outside all the shield. Also, the intensity distribution
hows interaction between the interior and exterior surfaces with medium intensities in the metallic material, as it was also observed
n (c). For |𝐸|

2, a similar distribution discussed previously in (c) is observed, where exist places with high intensity close to the
orners of the shield in the metallic region as well as a strong localization in the shield sides which are extended for one metallic
urface to the other. In (e), it is presented the distribution for a frequency close to the SPF. In this case, |

|

𝐻𝑧
|

|

2 is strongly localized
n the exterior surfaces of the shield with a propagating behavior in the PC, this is in correspondence with the non-zero value of the
roup velocity for this band. |𝐸|

2 shows high localization in the exterior surfaces of the shield, perpendicular to the propagation
irection, like surfaces plasmons which are extended from the exterior to the inner surface. In comparing with the case presented
n Fig. 3(f), the field distribution is more extended and could be used in technological applications. In (f), it is observed a similar
ehavior as that presented in (e), but in this situation high intensity values are observed inside the metallic region. This behavior
s in correspondence with the rod case at frequencies above the SPF [13], the radiation starting to enter inside the metallic region
ue to the low absolute value of the 𝜖𝑚. In (g), it is presented a frequency below but close to 𝜔𝑝, in this case |𝐸|

2 is mainly localized
nside the metal which is in correspondence with the result presented in (f) due to the low absolute value of 𝜖𝑚. Also, the field
istribution is similar to the case presented in Fig. 3(g), high intensities are reached in the metallic material. Also some similar
istribution is observed in (h) for a frequency above but close to 𝜔𝑝, it is observed that |𝐸|

2 is mainly localized inside the metal
ith a low intensity outside the shield. Contrary to the case presented in Fig. 3(h), where high values of intensities are reached
utside the metallic shield. In these cases the shield width is an important factor in the electric field localization. For |

|

𝐻𝑧
|

|

2 it is
ot observed difference below and above 𝜔𝑝, these distributions are as the square metallic rods case, with higher intensities in the
nner air region of the shield.

At it was presented, the decrease in the width of the metallic shield modifies the field distribution, which induced high intensities
alues in the exterior surface of the shield appearing like localized plasmons for the electric field, in particular at frequencies close
o the SPF.

. Conclusions

As summary in this work, it was presented the numerical calculation of the PBS and the distributions of |
|

𝐻𝑧
|

|

2 and |𝐸|

2 in the
nit cell for a PC made of square metallic shields in air. It was found the modification of the PBS with the decrease in the width of
he shield walls, showing the redistribution of bands with low dispersion at higher and lower frequencies around the metallic SPF
n comparing with the rod case. These flat bands are related with a strong localization of the radiation inside the metallic material,
ith a plasmon-like distribution also observed at low frequencies. It was found that the shield geometry favored the electric field

ocalization inside the inner hole of the shield at low frequencies, which is quite different from the conventional rod geometry.
hese results would be utilized in electric field confinement for technological applications.
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