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A B S T R A C T   

In this work it is presented a theoretical study of the optical properties of 1D photonic systems with gradient 
dielectric profile layers of quartic polynomial type, using the dielectric AllGa1-lAs being the Al concentration 
along the width of the slab as the gradient function, when external parameters as the pressure and the tem-
perature are considered. It is shown that the proposed gradient profile admits an analytic approach supported on 
the method of series to find the solutions of the wave equations for the TE and TM polarizations. Also, it is 
proposed a new regression model for the calculation of the dielectric value of AllGa1-lAs as a function of the 
pressure and temperature. The results showed that the increase in the pressure shifts and changes the trans-
mission bands due to the decrease in the dielectric mean value of the gradient slab. On the other hand, it is found 
that the increase in the temperature shifts the transmission bands to lower frequencies but without changing 
their shape distribution. Considering the inclusion of graphene, it is observed its effect on the distribution of the 
transmission bands at different frequencies depending on the graphene properties. It is expected that the pro-
posed structure can be contribute to the development of new devices when the pressure, the temperature and the 
chemical potential of graphene are used as external tunable parameters.   

1. Introduction 

In the last decades the study of 1D photonic systems with periodic 
spatial dielectric functions in one dimension have attracted great in-
terest since their unique abilities to control electromagnetic waves 
thanks to the formation of photonic band gaps, this is frequency bands 
for which the propagation of electromagnetic radiation is forbidden 
[1–3]. It is known that band gaps depend on the distribution of the 
material which form the photonic structure [4,5], but also they could be 
modulated thanks to external agents which vary the optical properties of 
the constitutive materials [6]. In this way, doped semiconductors under 
external magnetic fields have been considered thanks to the modulation 
of the electromagnetic force on the semiconductor free charges by the 
magnetic field [7,8]. It has been demonstrated that the inclusion of 
graphene in this structures leads to the formation of absorption 
multi-channels that can be tuned, which could be used in the con-
struction of optical devices as polarization sensors and photo-detectors 
[9–11]. On the other hand, the inclusion of superconductors allows to 

have optical systems that vary their properties not only with the dis-
tribution of the constituents materials but with the external tempera-
ture, due to the change in the superconductor properties above or below 
their characteristic critical temperature, affecting their transmission 
band distribution which can be tuned to different frequency values 
[12–17]. In a similar way, the effect of the external pressure on the 
photonic structures allows to control their optical properties due to the 
modification of the geometric material distribution [18,19]. These 
external and geometric parametric variations are used to guided the 
construction of different optical devices which are proposed as sensor 
for: biomarkers, salinity, glucose among other, thanks to their long 
durability and usability in comparing with sensors based on chemical 
processes [20–23]. 

On the other hand, in recent years the study of photonic systems 
based in gradient profiles of the refractive index have been widely 
explore, due to their emergent optical properties which are not reached 
by the use of homogeneous dielectric materials [24–30]. In the case of 
1D photonic gradient structures, the general theoretical approach 
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limited these studies to normal incidence, due to the implicit difficult in 
exploring exact analytical solutions for the electromagnetic fields under 
oblique incidence. These studies are typically limited to profiles as 
linear, exponential or logarithmic for which solutions in terms of func-
tions of Bessel can be found. 

In the case of oblique incidence, the solutions are based on the long 
wavelength approach, in which each gradient material layer is simu-
lated as a set of homogeneous dielectric layers, which are thin in com-
parison with the incident radiation wavelength [31]. The problem with 
this method is that it must be considered a large number of partitions 
with the increases of the frequency value. This approach suggests in the 
limit case of a large number of layers the gradient profile is reached. 

According to our investigation, the polynomial gradient profile of the 
dielectric function has not been considered, in addition there is not 
including their variation due to external agents like pressure and tem-
perature, for that reason, in this work it is studied a system formed by 
layers of material with a gradient dielectric profile of quartic polynomial 
type, considering the variation of external parameters of pressure and 
temperature [18,32–34]. Unlike other works in which the analytical 
solutions are limited the case of normal incidence, in this work it is 
presented that for this type of dielectric profile is possible to raise so-
lutions, for the functions that describe the radiation distribution of the 
electromagnetic field in the layers, in form of series considering oblique 
incidence. They are applied to the case of dielectric AllGa1-lAs, where the 
profile variation is related to the concentration of All in the layer. For the 
numerical calculations, the transfer matrix method is used [35], and the 
different dielectric properties for each one of the considered profiles are 
described as function of the pressure and the temperature. In this study 
is proposed a new regression model for the dielectric value of AllGa1-lAs 
as function of the considered external agents. This work is distributed as 
follow: first it presented the analytic approach for the transfer matrix 
formalism, then it explored the form of the solutions for the proposed 
dielectric profile, next, the description of the gradient profiles and the 
dependence of the dielectric value for the chosen material is presented. 
Finally, the results and the conclusion of this work are also given. 

2. Theoretical framework 

Considering the system presented in Fig. 1, formed by two slabs of 
material with gradient dielectric function separated by graphene layer, 
it is possible to show that the wave equation that describes the behavior 
of the electric field in each of the slab materials for the TE polarization, 
E→ = (0,0,Ez), has the form 

∂2
xEz + (k2

0ε(x) − k2
y)Ez = 0. (1)  

being k0 = ω/c, ky = k0sin(φ), φ the incidence angle and ε(x) the 
dielectric function with gradient profile. In a similar way, for the TM 
polarization, H→= (0, 0,Hz) the wave equation has the form 

∂2
xHz −

ε′

(x)
ε(x)∂xHz + (k2

0ε(x) − k2
y )Hz = 0. (2) 

As it is observed the differential equations are of order two and for an 
arbitrary dielectric profile their have as solutions two linear indepen-
dent functions, so that the general solutions can be expressed as a linear 
combination of them [36]. It is important to mention that in the case of 
the TM polarization eq. (2), the convergence ratio for the solutions of eq. 
(2) depend on the zeros of ε(x). Next, it is explore the transfer matrix 
formalism for the proposed structure. 

2.1. Transference matrix formalism considering graphene 

Consider the system presented in Fig. 1, formed by M periods of bi-
layers of materials with gradient index profile described by the dielectric 
functions as ε1(x) and ε2(x) which are separated by a graphene sheet, 
with a surface conductivity calculated in Refs. [37,38] and described by 

σg = σintra
g + σinter

g , (3)  

σintra
g =

e2

4ℏ
i

2π

(
16kBT

ℏω ln
(

2cosh
( μg

2kBT

)))

, (4)  

σinter
g =

e2

4ℏ

(
1
2
+

1
π arctan

ℏω − 2μg

2kBT

−
i

2π ln
(
ℏω + 2μg

)2

(
ℏω − 2μg

)2
+ (2kBT)2

)

,

(5)  

where e is the electron charge, kB is the Boltzmann constant, T is the 
temperature (in Kelvin degrees) and μg is the chemical potential of the 
graphene sheets, which can be modified by the gate voltages. 

Taking into account the isotropy of the materials and by using the 
wave propagation equations for the TE and TM polarizations, equations 
(1) and (2) respectively, the propagation of the z-component of the 
electric (magnetic) field, for TE (TM) polarization, in each of the 
gradient slabs, can be written as 

Fj
z(x) = Ajfj(x) + Bjgj(x), (6)  

with fj and gj two independent solutions of equations (1) and (2) which 
can be chosen to satisfied the initial conditions [24] 
[

fj(0) gj(0)
f ′

j (0) g′

j(0)

]

=

[
1 0
0 1

]

. (7) 

The amplitudes of the fields at the different interfaces are related 
through the transfer matrix defined by [39] 
[

Aj
Bj

]

= Mj,j− 1

[
Aj− 1
Bj− 1

]

, (8)  

with Mj,j− 1 the transfer matrix at the interface of the slab j and j − 1, 
either for TE or TM polarization, which are constructed by applying the 
boundary conditions of the fields at the material interfaces. Due to the 
surface conductivity of the graphene sheets between the gradient slabs a 
surface current is presented, modifying the continuity of the magnetic 
field at the interface in the form of [40] 

n→j,j+1 ×

(

H→j+1 − H→j

)

= σgEt
→
, (9)  

being n→j,j+1 the normal vector at the interface between the j and j + 1 

slab, and Et
→ the tangential component of the electric field at the surface. 

Fig. 1. Schematic representation of the 1D photonic structure constructed with 
M periods of alternating slabs with gradient index profile material ε1(x) and 
ε2(x) respectively, with sheets of graphene represented by its conductivity σg. 
The transverse electric (TE) and transverse magnetic (TM) polarizations are 
represented. 

D.M. Calvo-Velasco and R. Sánchez-Cano                                                                                                                                                                                                



Current Applied Physics 41 (2022) 86–91

88

Under this condition the transference matrix for the proposed system 
can be written as 

MT =
(
MP

2 [I + G]MP
1

)M
, (10)  

with I the identity matrix of order two, MP
j the material matrix which 

depend on εj(x) and the polarization P, and 

G = g
[

− 1 − ( + )1
+( − )1 1

]

(11)  

with g = k0σgZ0/2Q0(g = σgZ0Q0/2k0), for TE (TM) polarization, and Z0 
the impedance of empty space and Q0 = k0 cos φ. It is possible to find 
that 

MTE
j = A− 1STE

j (Lj)A, (12)  

MTM
j =

εj(0)
εj(Lj)

B− 1
j (Lj)STM

j (Lj)Bj(0), (13)  

where 

SP
j (x) =

[
fj(x) gj(x)
f
′

j (x) g
′

j(x)

]

, (14)  

is a matrix constructed with the two independent solutions for 1 and 2, 
for the TE and TM polarization respectively, and 

A =

[
1 1

iQ0 − iQ0

]

, (15)  

Bj(x) =
[

1
/

εj(x) 1
/

εj(x)
iQ0 − iQ0

]

. (16) 

The inclusion of graphene in between the dielectric materials allows 
to improve the control of the optical properties of the proposed structure 
thanks to the change of the graphene chemical potential through the 
application of a gate voltage on it [41–43]. 

2.2. Dielectric profiles and series solutions 

In this work, the considered dielectric profiles are quartic poly-
nomials, this is 

ε(x) = Ax4 + Bx3 + Cx2 + Dx + E, (17)  

under this function, it is possible to describe the solutions of equations 
(1) and (2) as series of x 

F(x) =
∑∞

n=0
cnxn, (18)  

which in case of the TE polarization goes to the recurrence relations for 
the cn coefficients as 

cn+2 =
− (k2

0E − k2
y)cn − k2

0(Dcn− 1 + Ccn− 2 + Bcn− 3 + Acn− 4)

(n + 2)(n + 1)
, (19)  

and for the TM polarization 

cn+2 =
(

D(1 − n2)cn+1 + (Cn(3 − n) − E(k2
0E − k2

y ))cn

+(B(n − 1)(5 − n) − D(2k2
0E − k2

y))cn− 1

+(A(n − 2)(7 − n) − (k2
0χ − Ck2

y ))cn− 2

− (k2
0δ − Bk2

y)cn− 3 − (k2
0γ − Ak2

y )cn− 4 − k2
0βcn− 5

− k2
0αcn− 6 − 2k2

0ABcn− 7 − k2
0A2cn− 8

)/
(n + 2)(n + 1)E,

(20)  

with α = 2AC + B2, β = 2AD + 2BC, γ = 2AE + 2BD + C2, δ = 2BE + 2CD, 
and χ = 2CE + D2. As it was mention, the convergence ratio of the so-
lutions depend on the zeros of ε(x), especially the TM polarization, and 

also on the frequency value. On the other hand, for an computational 
approach the series needs to take and upper bound, in the presented 
work this limits reach the 400 therms in its expansion. 

2.3. Gradient slab profile description 

The studied systems are made with slabs of gradient dielectric profile 
considering the dielectric properties of the material AllGa1-lAs, being l 
the Al concentration. In order to model the dielectric response of the 
gradient slab as a function of pressure and temperature it was used a 
similar approach to that presented in Ref. [18], where was fitted the 
experimental results presented in Ref. [44] for the GaAs material using 
the model 

εGaAs(P, T) =
(
ε0 +

(
AT + BT2)eα(T)T )eβ(T)P, (21)  

with ε0 = 12.677717, A = 5.461388 × 10− 4 K− 1, B = 3.418165 × 10− 6 

K− 2, and where α(T) and β(T) are linear extrapolation functions of the 
temperature with the porpoise of consider the exponential dependence 
for the dielectric permittivity presented in the Table II of [44]. The 
dependence of these functions are 

α(T) = (5 / 102)T + (484 / 85), (22)  

in 10− 5 K− 1 

β(T) = (− 1 / 374)T − 16.48786. (23)  

in 10− 4 kbar− 1. This model can be considered valid in the range of T <
400K, and P < 40 kbar. 

On the other hand, the dielectric permittivity of the AllGa1-lAs is 
modeled using the proposed of [45,46] through the function 

εAlGaAs(l,P,V) = εGaAs(P,V) − 3.12l. (24) 

Meanwhile, the effect of the pressure on the variation of the thick-
ness of the slabs of AllGa1-lAs its modeled through the model of [47] 

d(l,P) = d0[1 − (S11(l)+ 2S12(l))P], (25)  

where the elastic constants present a dependence with the Al concen-
tration, as 

S11(l) = 1.17 + 0.03l
S12(l) = − 0.37 − 0.02l (26)  

in 10− 3 kbar− 1. 
In this work the gradient profile is modeled as a function of the shape 

concentration of Al, this means as a function of l(x) which depends on 
the slab thickness x. Due to this dependence, the shape profile is 
modified by the pressure and the temperature, and to assure the 
convergence of the proposed solutions it is necessary to study the 
behavior of the ε(x) and its variations as functions of the pressure and 
the temperature. 

In order to present a systematic way to study these variations, it is 
necessary to propose a gradient profile for given pressure and temper-
ature, (P0, T0), then using the variations of the width of the gradient slab, 
the modifications of the gradient profile can be determined. 

Is it easy to demonstrated that if l(x, P0) is chosen for (P0, T0), the slab 
width presents an effective variation as 

d = d0[1 − αP], (27)  

with d0 the initial slab thickness and 

α =
1
do

∫ d0

0
[S11(l(x,P0)) + 2S12(l(x,P0))]dx

= 0.43 −
0.01
d0

∫ d0

0
l
(

x
)

dx
(28)  
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in 10− 3 kbar− 1. In the same way the concentration profile for and 
arbitrary pressure is described as 

l(x,P) = l(x / d,P0). (29)  

As it is observed, the concentration profile is rescaled, as a function of 
the pressure. In this case the gradient dielectric function is 

ε(x,P,T) = εGaAs(P,V) − 3.12l(x,P). (30)  

3. Results 

The studied photonic systems are constructed by 20 bilayers of air 
and a material with gradient dielectric profile constructed with the 
dielectric AllGa1− lAs, considering a graphene sheet in between. The 
different profiles are described in Table 1, which where chosen to ensure 
the convergence of the solutions in the study bandwidth from 0 to 8 THz, 
for the values of P = 0 kbar and T = 0K. In order to satisfy the quarter 
wave approximation in the case of l = 0, when the central frequency is 3 
THz, the width of the air layer is 25 μm and for the gradient layer of 7 μm 
given a length for the structure of 640 μm. On this work, the effect on the 
air layer parameters due to pressure and temperature are negligible, and 
the effect of losses in the dielectric layers are not considered. 

In Fig. 2 it is presented the effect on the transmittance diagram due to 
the pressure. It is observed that the increase in the pressure allows to 
shift the transmission bands to higher frequencies, result in accordance 
to Refs. [18,32], but also with the changing in their shapes. This is due to 
the decrease in the dielectric mean value of the gradient slab, which also 
presents the decrease in their width [48]. These two effects decrease the 
bandwidth of the first band gap, but also contributed to the increase of 
the region with low transmission observed at higher frequencies. In 
comparing the TE and TM transmission diagrams is observed an omni-
directional band gap only for the TE polarization, limited at below for a 
transmission band with low dispersion even for high incident angles, 
and at above by a band with a high dispersion. In this case the modifi-
cation of the band distribution with the pressure, varies the functionality 
of this system as a polarization selective sensor with variable bandwidth, 
as example for an incidence angle of 45 in (a) it is observed a trans-
mission band centered around the 5 THz with a bandwidth of approxi-
mated 1 THz with high transmission for the TM mode, in contrast in (c) 
the center frequency is shifted at around 5.4 THz with a bandwidth of 
approximated 0.8Thz.On the other hand in Fig. 3, the increase in the 
temperature influence the shifting of the transmission band at lower 
frequencies, this is due to the increase in the dielectric effective value of 
the gradient slab. In this case it is not observed the changing in the 
transmission bands shapes, in a different way to the pressure effect, 
because the slab width does not depend on the temperature. As it was 
found, the pressure effect on the transmittance is more evident in 
comparing to the temperature effect. 

This allows to propose that the gradient slab profile has more 
interesting variations to that observed on systems with homogeneous 
dielectric slabs, due to the changing in the transmission band shape or in 
the shifting of their central frequencies at lower or higher frequencies 
with the variations of the pressure or the temperature. These results 

Table 1 
Description of the parameter values of the dielectric gradient profile ε(x, P0, T0) 
= Ax4 

+ Bx3 
+ Cx2 

+ Dx + E for P0 = 0 kbar and T = 0K.  

Profile A B C D E 

1 0 0 3.12 0 9.5577171 
2 0 0 − 3.12 0 12.6777171 
3 0 9.21585 − 4.42712 − 4.65842 12.5474  

Fig. 2. Transmission diagrams for TE and TM polarizations considering the profile 1 described in Table 1, considering the variation of pressure (T = 0K): (a)P = 0 
kbar, (b)P = 50 kbar, and (c)P = 100 kbar, without graphene layers. 

Fig. 3. Transmission diagrams for TE and TM polarizations considering the profile 1 described in Table 1, considering the variation of temperature (P = 0 kbar): (a)T 
= 0K, (b)T = 150K, and (c)T = 300K, without graphene layers. 
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were also observed for the other profiles, which are not presented here. 
On the other hand, it was observed the redistribution of the transmission 
bands depending on the profile shape, as is presented in Fig. 4. In this 
case, the main effect is due to the dielectric effective mean value of the 
gradient slab. In comparing, the dielectric mean value for the profile 2 is 
higher to that for the profile 1, for that reason the transmission bands in 
(b) are located at lower frequencies to that observed in (a). Meanwhile, 
the effect due to shape profile, is observed in (c), in this situation the 
profiles 2 and 3 have similar effective dielectric mean values, but in their 
transmittance diagrams are notice, for example the transmission low 
regions at higher frequencies.Finally, it is presented the effect in the 
transmission when there are inserted graphene layers. As is presented in 
Fig. 5 the inclusion of graphene layers, induce the formation of a 
omnidirectional band gap at low frequencies, this result it was observed 
in other studies [41–43], but also is observed the grow of the low 
transmission regions at higher frequencies for the proposed dielectric 
profile. On the other hand, the increase in the temperature shift the 
transmission band gaps a lower frequencies, also decreasing the first 
bandgap width. As it was found in other studies, the variations on the 
graphene properties varies the transmission diagram, especially the 
chemical potential of graphene, which can be tuned for the application 
of a gate voltage on the graphene layers. This property promotes the 
studied structure to be a candidate to open a route to design optoelec-
tronic devices when the pressure, the temperature, and the chemical 
potential of graphene are used as external tunable parameters [49]. 

4. Conclusions 

As conclusions, in this work it was presented the optical properties of 
systems with gradient dielectric profile of polynomial type when 
external parameters as the pressure and temperature are considered. It 

was proposed an analytic approach to the solutions of the wave equation 
for the TE and TM polarizations using the method of series, also 
implementing their in the transfer matrix method in order to calculate 
the transmittance. The considered dielectric material to construct the 
gradient profile was AllGa1-lAs using as gradient function the aluminium 
concentration along the width of the slab. For this dielectric it was 
proposed a new expression for the calculation of their dielectric per-
mitivity value as a function of the pressure and temperature, using a 
regression model where the parameters related with the exponential 
dependence of the permitivity vary linearly with the temperature. Also, 
it was proposed a methodology to explore the properties of the gradient 
slab in therm of the gradient Al concentration profile. It was found that 
the increase in the pressure shifts and changes the transmission bands to 
higher frequencies due to the decrease in the dielectric mean value of the 
gradient slab and the decrease in the slab width. On the other hand, the 
increase of the temperature shifts the transmission bands to lower fre-
quencies but without changing the shape distribution, due to the in-
crease of the dielectric effective mean value of the slab. Considering the 
inclusion of graphene, it was found the formation of a band gap at low 
frequencies also with the shifting of the transmission band gaps due to 
the variation of the temperature. It is expected that these results 
contributed to the development of new devices when the pressure, the 
temperature and the chemical potential of graphene are used as external 
tunable parameters. 
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Fig. 4. Transmission diagrams for TE and TM polarizations considering the different profiles described in Table 1 for P = 0 kbar and T = 0K: (a)Profile 1, (b)Profile 2, 
and (c)Profile 3, without graphene layers. 

Fig. 5. Transmission diagrams for TE and TM polarizations considering the profile 3 described in Table 1, for P = 0 kbar when: (a)T = 150K without graphene, (a)T 
= 150K with graphene, and (c)T = 300K with graphene. 
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